Abstract. We study the behaviour of sequences U n 2 XU −n 1 , where U1, U2 are unitary operators, whose spectral measures are singular with respect to the Lebesgue measure, and the commutator XU1 − U2X is small in a sense. The conjecture about the weak averaged convergence of the difference U In scattering theory (in the discrete-time scheme) the behaviour of the sequence of operators U n 2 XU −n 1 is studied, where U 1 , U 2 are unitary operators on Hilbert spaces, and X is a so-called identification operator. The limits of the sequence as n → ±∞, whenever they exist, are called the wave operators of past and future. It is often assumed that the commutator
1 , where U1, U2 are unitary operators, whose spectral measures are singular with respect to the Lebesgue measure, and the commutator XU1 − U2X is small in a sense. The conjecture about the weak averaged convergence of the difference U In scattering theory (in the discrete-time scheme) the behaviour of the sequence of operators U n 2 XU −n 1 is studied, where U 1 , U 2 are unitary operators on Hilbert spaces, and X is a so-called identification operator. The limits of the sequence as n → ±∞, whenever they exist, are called the wave operators of past and future. It is often assumed that the commutator
is small in a certain sense; if U 1 and U 2 act on the same space and X = I, the operator U 2 can be regarded as a perturbation of U 1 . In the typical scheme of scattering theory, only the absolutely continuous part of the spectral measure (with respect to the Lebesgue measure) of the unitary operator U 1 is considered. Usually, the singular subspace is killed by the orthogonal projection P ac onto the absolutely continuous subspace of U 1 , and the sequence U n 2 XU −n 1 P ac is considered instead of U n 2 XU −n 1 . Pearson's version of the Kato-Rosenblum theorem [7] says (for the continuous-time scheme) that if the commutator K belongs to the trace class, then the strong wave operators of past and future exist. For the discrete-time scheme this means that the sequence U n 2 XU −n 1 P ac has strong limits as n → ±∞.
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Without the restriction to the absolutely continuous subspace the direct analog of this result fails, as one can see on the following example for the one-dimensional space. If U 1 = U 2 and X = I, then U n 2 XU −n 1 = ω n I, where |ω| = 1, ω = 1. The numbers ω n run over the unit circle and thus the sequence has no limit. However, we have the averaged convergence. Given a sequence x 0 , x 1 , x 2 , . . . , its Cesàro means are defined by the formula
The Cesàro means of the sequence ω n ,
tend to 0 as N → +∞. This naturally leads us to the question about the averaged convergence in the general case. For every pair U 1 , U 2 of unitary operators, whose difference has rank one, the averaged limits at ±∞ of the sequence U
always exist in the weak operator topology, cf. Theorem 7.1 from [3] . On the contrary, for every unitary operator U 1 with singular continuous spectral measure there exists a unitary operator U 2 , which is a rank-two perturbation of U 1 and such that the weak averaged convergence of U n 2 U −n 1 fails [4] . It was shown in [1] that, although the averaged limits at ±∞ may not exist, the Cesàro means of the difference U Conjecture. Assume that U 1 , U 2 are unitary operators, whose spectral measures are singular with respect to the Lebesgue measure, and the commutator K = XU 1 − U 2 X has finite rank. Then the Cesàro means of the sequence
tend to the zero operator in the weak operator topology as n → +∞.
In particular, the Conjecture contains the assertion that if one of the weak averaged wave operators of past or future exists, then the other exists as well, and they both coincide with their half-sum. This motivates the study of the sequences U
In this article we examine the weak averaged convergence of the sequences (1) and (2).
The general case of a pair of unitary operators U 1 , U 2 formally reduces to a special case where U 1 = U 2 is the operator of multiplication by the independent variable z on a space L 2 (µ), where µ is a Borel measure on the unit circle which is singular with respect to the Lebesgue measure; moreover, one can assume that µ has no point masses. Indeed, the strong convergence on the absolutely continuous spectral subspace of U 1 follows from the classical scattering theory; it is easy to check that on eigenvectors strong limits of the Cesàro means exist. Since we study the weak convergence, we can assume that the spectral multiplicities of U 1 , U 2 equal 1, and by the spectral theorem we obtain a pair of Borel measures in the spectral representations of U 1 , U 2 . If the spectral measures of U 1 , U 2 are mutually singular, then the Cesàro means of the sequence U n 2 XU −n 1 tend to the zero operator as n → ±∞ in the weak operator topology [5] . Thus, the question reduces to the case where the measures are mutually absolutely continuous, and one can think that they coincide; we get the operator of multiplication by z on L 2 (µ) for some Borel measure µ on the unit circle. Since the absolutely continuous, purely point and singular continuous parts of µ can be considered separately, it remains to consider the case where µ is singular continuous. For more details see [5] .
Notice that the averaged convergence of (1) and (2) depends only on the commutator K. Namely, if X,X are operators such that
then the convergence for these two situations holds or fails simultaneously. Indeed, then the difference X −X satisfies (X −X)U 1 = U 2 (X −X), and the sequences U differ by a constant sequence:
Hence we can look for conditions for the averaged convergence in terms of the commutator K.
Apparently, the assumption about the finite rank of K in the Conjecture is not typical for possible applications, and the more natural smallness assumption is that it belong to the Schatten-von Neumann class S 1 or S 2 . We formulate the Conjecture for finite-rank commutators, because the question is open for rank three and higher. Nevertheless, here we work in the situation where K ∈ S 2 is a Hilbert-Schmidt operator, because in this case K can be rewritten as an integral operator. Namely, an operator K on L 2 (µ) belongs to the class S 2 if and only if it coincides with an integral operator, whose kernel k belongs to L 2 (µ × µ):
Thus, it is natural to study the averaged convergence in terms of the kernel k of the commutator K ∈ S 2 viewed as an integral operator.
Given a Borel measure µ, the space L 0 (µ) is the set of measurable functions defined µ-almost everywhere; functions that coincide at µ-almost all points are viewed as the same function. Every function from L 0 (µ) can be represented as a ratio of two functions from L ∞ (µ) with the function in the denominator that may vanish only on a set of zero µ-measure.
A finite Borel measure µ on the unit circle is called a Rajchman measure if the sequence of its Fourier coefficientsμ(n) tends to zero as n → ∞. All Borel measures that are absolutely continuous with respect to the Lebesgue measure are Rajchman measures; but there also exist singular Rajchman measures. More information about Rajchman measures can be found, e.g., in [6] .
Theorem. Let µ be a Borel measure on the unit circle having no point masses, and denote by U the operator of multiplication by z on L 2 (µ). Suppose that X is a bounded operator on L 2 (µ), for which the commutator K = XU − U X belongs to the Hilbert-Schmidt class S 2 and coincides with an integral operator with kernel k ∈ L 2 (µ × µ).
for µ×µ-almost all pairs ξ, z, then the Cesàro means of U n XU −n −U −n XU n tend to the zero operator in the weak operator topology.
for µ × µ-almost all pairs ξ, z, then the sequence of the Cesàro means of U n XU −n + U −n XU n has a limit in the weak operator topology.
If µ is a Rajchman measure, then the analogs of statements 1) and 2) are fulfilled for the sequences (1) and (2), respectively, without averaging.
In the special case where γ ≡ 1 we obtain antisymmetric and symmetric kernels, respectively.
The important question appears about a description of the linear span of all kernels k that correspond to commutators of the form K = XU − U X and satisfy (3) . If it coincides with the set of all commutators from the HilbertSchmidt class S 2 , then the Conjecture will be true even for the class S 2 . One can also ask the same question about the subclasses that are the intersections of the class under consideration with S 1 or with the set of all finite-rank operators.
The linear span of the commutators that satisfy (4) cannot coincide with the set of kernels of all commutators because there exist rank-two commutators, for which the weak averaged wave operators fail to exist. In this case one can ask if the linear span coincides with the set of all commutators, for which the corresponding wave operators exist.
The last assertion of the Theorem about Rajchman measures leads us to a stronger version of the above Conjecture. Namely, if the spectral measure of U 1 is absolutely continuous with respect to a certain Rajchman measure on the circle, then one can expect that the sequence (1) weakly tends to zero, that is, that we can get the convergence even without averaging.
The Rajchman measures are characterized [6] as finite Borel measures on the circle that vanish on all Weyl sets (see the definition below). Therefore, the condition that the spectral measure of U 1 is absolutely continuous with respect to a Rajchman measure is equivalent to the fact that it vanishes on all Weyl sets.
Weyl sets are defined as follows. A Borel measure ν is said to be the asymptotic distribution of a sequence ω n of points of the unit circle if ν is the * -weak limit of the measures 1 N N n=1 δ ωn , where δ ω stands for the Dirac measure at ω. A Borel set e on the unit circle is called a Weyl set if there exists an increasing sequence (n k ) of positive integers such that for every ω ∈ e the sequence ω n k has an asymptotic distribution, which does not coincide with the Lebesgue measure on the circle.
Now let
If K = XU − U X for a bounded operator X, then by Theorem 6.1 from [3]
We obtain
This proof cannot be directly generalized to the case of rank-three commutators and this shows that the general case of finite-rank commutators is much more complicated than the case of rank two. Moreover, for rank-three commutators property (3) fails: for kernels k satisfying k(ξ, z) = k(z, ξ), this property can be fulfilled only in trivial cases. For instance, (3) fails for the kernel k(ξ, z) = 1 − Re (ξz). In this case
and
Then X is the sum of two rank-one operators, and, correspondingly, K is the sum of two rank-two operators; each of them satisfies (3), but with different functions γ.
The proofs of our results will be based on a lemma about complexsymmetric operators. For a definition of this class of operators, a Hilbert space involution C should be fixed. The typical example is the complex conjugation on an L 2 -space, Cf =f . But we want to cover a more general situation, where C is a mapping from a Hilbert space to another one. Namely, let C :
for any h,h ∈ H 1 . We have Ch = h and C(ih) = −iCh, hence the image C = {Ch : h ∈ H 1 } of C is a closed linear subspace of H 2 . An operator is said to be C-symmetric if CT * C = T . Under the assumption that C is surjective, the mapping T → CT * C is an involution on the set of all operators from H 1 to H 2 . In the partial case where H 1 = H 2 and C 2 = I, we obtain the known defintion; see, e.g., [2] . Also consider a pair of unitary operators U 1 :
We assume that
for any integer n. Therefore, C is a reducing subspace of the unitary operator U 2 . In fact, the restriction of U 2 to C is unitarily equivalent to U 1 . Indeed, if e ∈ H 1 , by (5) C maps the reducing subspace of U 1 generated by e onto the reducing subspace of U 2 generated by Ce, and the mapping
is an isometry:
(U e, e) = (U m 1 e, U n 1 e). Thus, if H 1 is a direct sum of singly-generated subspaces reducing U 1 , then C is the direct sum of the images of these subspaces, which reduce U 2 ; the claim follows.
It will be convenient to work with formal sums q m=p , where p > q; they are naturally defined by Although here we apply the Lemma below only to the space L 2 (µ), we formulate it for a pair of spaces, because this situation is closer to possible applications, while the proof is no more difficult.
Lemma. Let C be as above. For a linear operator X : H 1 → H 2 define K = XU 1 − U 2 X. Take e ∈ H 1 and setē = Ce ∈ H 2 . Fix integers k, l.
Thus, in both cases the convergence of the left-hand side as n → ∞ and convergence of the Cesàro means reduce to those for finite sums of the form (U
Corollary. In the conditions of the above Lemma, assume that the linear spans of the vectors U n 1 e and U n 2ē , where n runs over the set of all integers, are dense in H 1 and H 2 , respectively.
If CK * C = −K and the sequence U (the sequence of its Cesàro means) has a limit (tends to the zero operator) in the weak operator topology, then the same is true for the sequence U (the sequence of its Cesàro means) has a limit in the weak operator topology, then the same is true for the sequence U Proof. Relations (7) and (8) imply the required weak convergence for pairs of vectors from dense sets, and the statements follow from the uniform boundedness of the sequences.
Below we shall see that if CK * C = K, for the weak convergence of the Cesàro means of the sequence U and for the right-hand side of (7) we obtain
Thus, (7) can be rewritten as 
We have (KU
that is, η p = −η q whenever p + q = k + l − 1. Then (11) easily follows.
To prove the second assertion, rewrite (8) in the form
By (10) this is equivalent to
If CK * C = K, then, similarly to (12), we have
whence
The second sum in the right-hand side coincides with the sum in the righthand side of (13). Thus, (13) is proved and the proof of the Lemma is complete.
Proof of the Theorem. At first, assume that γ ≡ 1 and consider the mapping C on L 2 (µ), Cf =f ; define e ≡ 1. The assumption that K is the integral operator with kernel k that satisfies k(ξ, z) = −k(z, ξ) implies
that is, the assumption CK * C = −K of the Lemma is fulfilled. Similarly, the relation k(ξ, z) = k(z, ξ) yields CK * C = K. The strong convergence of the sequence U n KU −n in the case where K is a compact operator and the spectral measure of U is absolutely continuous is a well known fact. For instance, the continuous-time analog of it was used in [7] even without a proof. Here we need a kindred result in a slightly more general form.
The set of all compact operators coincides with the uniform closure of the linear span of all rank-one operators. Since K is a compact operator, it suffices to prove the convergence as in the Corollary to the Lemma with K replaced by an arbitrary rank-one operatorK
whence the norm of U nK U −n f equals v · | f u µ(n)|. It is well known that if µ is a Rajchman measure and w ∈ L 1 (µ), then the Fourier coefficients wµ(n) also tend to zero (this is obvious for trigonometric polynomials w, and they are dense in L 1 (µ)). Since f u ∈ L 1 (µ), we obtain f u µ(n) → 0 for Rajchman measures µ. For an arbitrary Borel measure µ having no point masses, the Cesàro means of the absolute values of f u µ(n) tend to zero by the Wiener theorem [8] . Thus, we get the strong convergence of the sequence U n KU −n for Rajchman measures, and the strong convergence of its Cesàro means for arbitrary continuous measures, which proves the Theorem in the case γ ≡ 1.
The proof of the Theorem is based upon two observations: a) the averaged convergence as in the Theorem is equivalent to that for ϕ 2 (U )Xϕ 1 (U ) in place of X; b) relations (3) and (4) are equivalent to their modified versions, where X is replaced by ϕ 2 (U )Xϕ 1 (U ), and γ is replaced by ϕ1 ϕ2 γ. Assertion a) follows from the relation
The direct implication is obvious, the converse follows from the convergence on dense sets, because the operators under consideration are uniformly bounded.
Since K = XU − U X, the commutator of ϕ 2 (U )Xϕ 1 (U ) with U is the operator ϕ 2 (U )Kϕ 1 (U ). The function k is the kernel of the integral operator K, hence ϕ 2 (U )Kϕ 1 (U ) is the integral operator with kernel ϕ 2 (z)k(ξ, z)ϕ 1 (ξ). The fact that k satisfies (3) or (4) with parameter γ ∈ L 0 (µ) is equivalent to
and b) follows. Write γ = ϕ2 ϕ1 with ϕ 1 , ϕ 2 ∈ L ∞ (µ). By b) the commutator of the operator ϕ 2 (U )Xϕ 1 (U ) and U is the integral operator with kernel satisfying (3) or (4) with γ = 1. Now the Theorem follows from a).
The Theorem can be proved a little bit more directly in terms of the kernels of the integral operators. Then the calculations will remind the proof for the case of rank two from [1] , while the main steps will repeat those in the proof above.
Proposition. If CX * C = X, then CK * C = −K. If U 1 has multiplicity 1 and C is surjective, then the converse is also true.
To prove the converse, construct a bounded opeator Y such that CY C = Y * and Y U 1 − U 2 Y = K. Namely, the sequence
is uniformly bounded. Hence from the sequence of its Cesàro means one can select a subsequence that converges in the weak operator topology. Denote its limit by Y . We have
Next, by formula (9) we obtain
and, similarly,
Suppose that the multiplicity of U 1 equals 1. Take a vector e such that the vectors U n 1 e generate the entire space. By the spectral theorem there exists a Borel measure µ such that U 1 is unitarily equivalent to the operator U of multiplication by z on L 2 (µ), and e ∈ H 1 corresponds to 1 ∈ L 2 (µ). The mapping (6) realizes the unitary equivalence of U 1 and U 2 ; thus one can think that U 1 = U 2 = U and Cf =f . To prove the Proposition, we must establish the implication
then
Indeed, since the multiplicity of U is equal to 1, ZU = U Z if and only if Z = ϕ(U ) for some ϕ ∈ L ∞ (µ), and then for f ∈ L 2 (µ) CZ * Cf =φf = ϕf = Zf, as required.
Without the assumption that the multiplicity of U equals 1, the implication (16) fails and the reverse implication in the Proposition is not true.
Quite similarly, the property CX * C = −X yields CK * C = K. For the reverse implication we can say only that the operator Y , which is the limit of a subsequence of the Cesàro means of the operators Y n defined above, satisfies CY * C = −Y and Y U 1 − U 2 Y = K. However, in the case of multiplicity 1 the operator having these properties is unique. Indeed, for operators Z on L 2 (µ) such that ZU = U Z, by (16) the property CZ * C = −Z yields Z = 0. This argument shows that if CK * C = K, then the Cesàro means of the operators Y n weakly tend to Y . Indeed, otherwise we can choose two subsequences weakly converging to limit operators, whose difference Z = 0 satisfies ZU = U Z and CZ * C = −Z. Since this is impossible, we obtain an improved version of one of the assertions from the Corollary to the Lemma:
if the closed linear span of the vectors U Remark. Take a unimodular function γ ∈ L 2 (µ). The mapping C γ on L 2 (µ), C γ f =γf , also satisfies the properties of the involution C listed above. For the involution Cf =f , the condition CK * C = −K can be rewritten as C γ (KM γ ) * C γ = −KM γ , where M γ is the operator of multiplication by γ. Thus, the condition for K and C is equivalent to that for KM γ and C γ . In our scheme the class of commutators, for which the averaged limit of the corresponding sequence U n XU −n −U −n XU n exists, is closed with respect to bordering by operators of multiplication. Hence the classes of operators that can be obtained from the sets of the commutators K satisfying CK * C = −K or C γ K * C γ = −K coincide, and it suffices to consider only the involution f →f .
